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Abstract
We study the hydrodynamics of relativistic fluids with several con-
served global charges (i.e., several species of particles) by perform-
ing a Kaluza-Klein dimensional reduction of a neutral fluid on a N -
torus. Via fluid/gravity correspondence, this allows us to describe the
long-wavelength dynamics of black branes with several Kaluza-Klein
charges. We obtain the equation of state and transport coefficients of
the charged fluid directly from those of the higher-dimensional neutral
fluid. We specialize these results for the fluids dual to Kaluza-Klein
black branes.
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1 Introduction
Kaluza-Klein dimensional reduction is a well known method to obtain so-
lutions to a gravitational theory coupled to a Maxwell field, plus a scalar
(dilaton) field. Velocities (or momenta) along the compactified direction re-
sult in electric charges in the reduced theory [1]. Thus, if we take a neutral
black string solution of the vacuum Einstein theory, perform a boost along
the direction of the string and then dimensionally reduce in this direction,
we obtain an electrically charged black hole of the Einstein-Maxwell-dilaton
theory, for a particular value of the dilaton coupling [2].
It should be clear that this method is not exclusive to gravitational the-
ories. The identification between momenta along the internal direction and
conserved charges in the reduced theory is in fact generic. Note, however,
that in a non-gravitational theory, one obtains charges of a global symmetry
group — e.g., a global U(1) for reduction in a circle — while in the gravi-
tational case, since the relevant spacetime symmetries are gauged, they are
charges of a gauge symmetry group.
In this article we are interested in applying the Kaluza-Klein procedure to
relativistic hydrodynamics. That is, we begin with a relativistic fluid without
any conserved particle number in p spatial dimensions, where p−N of these
are non-compact directions and N of them form an N -torus. We assume
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that none of the fluid variables depend on the internal directions, but the
fluid can have non-trivial velocity along them. These velocities give internal
momenta that in the reduced theory appear as conserved global charges, i.e.,
particle numbers for N different species. For a perfect fluid, this reduction
is a straightforward one. Of more interest is the reduction of the first-order
dissipative terms. Viscosity of the higher-dimensional fluid in the internal
directions gives rise not only to viscosities but also conductivities in the
reduced theory.
We shall do our analysis for a generic relativistic fluid in p spatial di-
mensions with no conserved particle number, without assuming any specific
equation of state nor constituent relation for its first-order transport coeffi-
cients. When applying our results to particular fluids, we will consider a class
of recent interest in the context of dual relations between fluid dynamics and
black brane dynamics. These are the fluids that correspond to neutral black
p-branes of the vacuum Einstein theory, and which feature in the blackfold
approach to black brane dynamics [3, 4]. Ref. [4] developed the dictionary
between the spacetime fluctuations of these black branes and the fluctuations
of specific fluids. Using this mapping, our results yield a mapping between
the dynamics of charged black branes in Kaluza-Klein theory and the hydro-
dynamics of certain charged fluids. The map includes their fluid equation of
state and first-order transport coefficients. Note that the Kaluza-Klein black
brane solutions differ from other charged black branes in their coupling to the
dilaton. While the dilaton plays no direct role in the dual fluid description,
since it is not associated to any conserved quantity of the black brane, the
value of its coupling affects the equation of state and constituent relations.
There have been some previous studies of Kaluza-Klein reduction in the
context of fluid/gravity correspondences [5, 6, 7, 8, 9]. However, these have
been restricted to the fluids that are dual to AdS black branes, and moreover
they only work out explicitly the cases of circle [5] and 2-torus reduction
[7]. The results of [5, 7] can be mapped, via the AdS/Ricci-flat connection of
[10], to our results for circle reductions of a neutral vacuum black brane. Vice
versa, our results can be readily translated into results for AdS black branes
with N different charges using this mapping. The perfect fluid dynamics
of asymptotically flat charged branes (with arbitrary dilaton coupling) was
studied in [11, 12]. Dissipative effects of non-dilatonic asymptotically flat
charged branes have been analyzed in [13]. The first-order hydrodynamics of
asymptotically flat black D3-branes has been studied in [14], but the charge
in this case can not be redistributed along the worldvolume and therefore
the dynamics is qualitatively different. Moreover, in [15, 16] the Kaluza-
Klein approach has been applied, in a slightly different manner, to obtain
first-derivative corrections of charged black brane (extrinsic) dynamics.
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In our opinion it is useful to treat the Kaluza-Klein reduction of fluids
separately from any specific fluid/gravity dualities. First, this makes clear
how the procedure stands on its own within the context of hydrodynamics
without any reference to General Relativity. Second, by not tying the reduc-
tion to any particular fluid, we achieve a large degree of generality. Clearly,
the method can be extended to the case in which the higher-dimensional fluid
carries a particle number or some other property, but we will not pursue this
in the present article.
2 Hydrodynamic Kaluza-Klein ansatz and
reduction of the perfect fluid
Let us consider a neutral relativistic fluid in flat space-time in p + 1 dimen-
sions. The hydrodynamical behaviour of this fluid is governed by the stress
energy tensor conservation equations ∂AT
AB = 0. In general we split the
stress energy tensor into a perfect fluid and a dissipative part,
TAB = T
pf
AB + T
diss
AB . (2.1)
The perfect fluid part is given in terms of the energy density ǫ, the pressure
P and the normalized velocity field uA by
T pfAB = (ǫ+ P )uAuB + PgAB (2.2)
while, to first derivative order, the dissipative part is
T dissAB = −2ησAB − ζPABθ (2.3)
where η and ζ are the shear and bulk viscosities and θ, σAB and PAB are
defined as
θ = ∂Au
A, (2.4)
σAB = P
C
A P
D
B ∂(CuD) −
1
p
θPAB, (2.5)
PAB = gAB + uAuB . (2.6)
A complete description of the fluid requires the specification of the equation
of state, namely the relation between P and ǫ, and of the viscosities. For the
most part we will keep them general, and will only specify them in sec. 4.
Furthermore, we naturally assume that this uncharged fluid is described in
the Landau frame where uAT dissAB = 0.
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We assume that the spacetime in which the fluid moves contains N com-
pact directions that form an N -torus
dsˆ2 =
N∑
j=1
dy2j + ηabdσ
adσb , (2.7)
where the metric ηab is the Minkowski metric in p−N +1 spacetime dimen-
sions and the coordinates yj are identified with periodicity 2πRj . We take the
fluid to move with non-zero velocity along the N compactified dimensions.
On Kaluza-Klein reduction this will give rise to charges in the reduced fluid.
The Kaluza-Klein ansatz for the field assumes that none of the fluid
variables depend on the internal directions yj. The velocity profile is
ua = uˆa
N∏
i=1
coshαi, uyj = sinhαj
j−1∏
k=1
coshαk , j = 1, . . . , N (2.8)
where αi are boost parameters characterizing the velocity along the compact
directions and uˆa is the velocity in the reduced spacetime, which is unit-
normalized with respect to ηab,
uˆauˆbηab = −1 . (2.9)
Note that it should be possible to formulate an ansatz for the velocity field
where the different boosts enter in a manner that preserves the local symme-
try SO(N) that rotates them (this is broken globally by the compact size of
the torus). The above ansatz does not show this, but it is a convenient one
for our calculations.1
Let us apply this Kaluza-Klein reduction ansatz to the perfect fluid stress
energy tensor. Substituting (2.8) in (2.2) we obtain
T pfab = V [(ǫ+ P )uˆauˆb
N∏
i=1
cosh2 αi + Pηab] , (2.10)
T pfayj = V (ǫ+ P ) sinhαjuˆa
N∏
i=1
coshαi
j−1∏
k=1
coshαk , (2.11)
T pfyjyj′ = V [(ǫ+ P ) sinhαj′ sinhαj
j−1∏
k=1
coshαk
j′−1∏
i=1
coshαi + ηjj′P ] , (2.12)
1Our choice is in this sense analogous to choosing polar coordinates for a sphere, which
allows easy explicit calculation but obscures the rotational symmetry.
5
where V =
∏N
j=1(2πRj) is volume of the torus. The factor V appears because
TAB refers to densities so we have to include the internal volume we are going
to integrate out. The form of the stress energy tensor in the reduced theory
is
Tˆ pfab = (ǫˆ+ Pˆ )uˆauˆb + Pˆ ηab , (2.13)
Tˆ pfayj = uaqˆj , (2.14)
where
Pˆ = PV , (2.15)
ǫˆ = Pˆ (−1 +
N∏
i=1
cosh2 αi) + ǫV
N∏
m=1
cosh2 αm , (2.16)
qˆj = (Pˆ + ǫˆ)
sinhαj∏N
i=j coshαi
. (2.17)
This yields not only the energy density and pressure in the reduced theory,
but also a set of N charge densities qˆj , one for each boost parameter αj .
The temperature of the reduced fluid is given by
Tˆ =
T∏N
i=1 coshαi
(2.18)
due to the fact that we have changed the timelike Killing vector. From the
conservation of the entropy current for the initial fluid, we can read off the
reduced entropy density given by
sˆ = sV
N∏
i=1
coshαi . (2.19)
From the Euler relation
Pˆ + ǫˆ = Tˆ sˆ +
N∑
j=1
qˆjµˆj (2.20)
the chemical potential for each charge takes the form
µˆj =
sinhαj∏N
i=j coshαi
. (2.21)
Since we assume that the first law is satisfied for the initial neutral fluid,
it is possible to verify that the same is true for the reduced fluid. The neutral
fluid obeys the law
dǫ = TdS (2.22)
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from which it follows
dǫˆ = Tˆ dSˆ +
N∑
i=1
µˆidqˆi (2.23)
using
ǫˆ+ Pˆ = V (ǫ+ P )
N∏
i=1
cosh2 αi from Eq.(2.16), (2.24)
dαj+1 = dαj
tanhαj+1
sinhαj coshαj
from Eq.(A.5) (2.25)
and that ǫ+ P = TS.
3 Reduction of dissipative terms
The Kaluza-Klein reduction has given us a charged fluid. When including
dissipative terms we expect the presence of another set of transport coeffi-
cients, namely a heat conductivity matrix. These coefficients measure the
response of the charge current to changes in temperature and in chemical
potential.
In order to reduce the first-derivative terms in the stress energy tensor,
we need to express the expansion θ defined in Eq.(2.4) in terms of the new
velocities. We find that
θ =
N∏
i=1
coshαi(θˆ +
N∑
k=1
tanhαkuˆa∂
aαk) , (3.1)
where θˆ = ∂auˆa.
The equation of conservation of the stress energy tensor relates the gra-
dients of the rapidities to θˆ as
uˆa∂
aαj = θˆ
coshαj sinhαj
∏N
l=j+1 cosh
2 αl
1 + (−1 + ǫ′)
∏N
i=1 cosh
2 αi
, (3.2)
where
ǫ′ = c−2s =
∂ǫ
∂P
, (3.3)
where cs is the speed of sound. The explicit calculation can be found in the
Appendix A. Substituting this result in Eq.(3.1) the expansion becomes
θ = θˆ
ǫ′
∏N
i=1 cosh
3 αi
1 + (−1 + ǫ′)
∏N
l=1 cosh
2 αl
. (3.4)
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The orthogonal projectors tensor in Eq.(2.6) is given by
Pab =
N∏
i=1
cosh2 αiuˆauˆb + ηab , (3.5)
Payj = uˆa sinhαj
N∏
i=1
coshαi
j−1∏
k=1
coshαk , (3.6)
Pyjyj′ = sinhαj′ sinhαj
j−1∏
k=1
coshαk
j′−1∏
i=1
coshαi + ηjj′ . (3.7)
The shear viscosity tensor in Eq.(2.5) takes the form
σab = P
C
a P
D
b ∂(CuD) −
Pabθ
p
=
N∑
i=1
P c(aP
yi
b) ∂cuyi + P
c
aP
d
b ∂(cud) −
Pabθ
p
, (3.8)
σayj = P
C
a P
D
yj
∂(CuD) −
Payjθ
p
= P caP
d
yj
∂(cud) +
N∑
i=1
P yi(aP
d
yj)
∂duyi −
Payjθ
p
, (3.9)
σyjyj′ = P
C
yj
PDyj′∂(CuD) −
Pyjyj′θ
p
= P cyjP
d
yj′
∂(cud) +
N∑
i=1
P yi(yjP
d
yj′)
∂duyi −
Pyjyj′θ
p
. (3.10)
We have all the ingredients to compute the new transport coefficients. How-
ever, our reduced fluid is not in the Landau frame. Indeed, we find that
uATAB = 0 implies
uaT dissab +
N∑
j=1
uyjT dissyjb = 0 , (3.11)
uaT dissayj +
N∑
j′=1
uyj′T dissyj′yj = 0 , (3.12)
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or using Eq.(2.8)
uˆaT dissab = −
∑N
j=1 sinhαj∏N
i=j coshαi
T dissyjb , (3.13)
uˆaT dissayj = −
∑N
j′=1 sinhαj′∏N
i=j′ coshαi
T dissyj′yj . (3.14)
This means that we cannot directly extract the coefficients from the reduced
stress energy tensor but we need to introduce some frame-invariant formulae.
In [18] was proposed an efficient way to extract those coefficients based on
a general dissipative correction to the stress energy tensor and the charge
currents. In order to avoid unphysical solutions we require the semi-positivity
of the divergence of local entropy current. Following the same procedure as
in [18] and generalizing the result for N charges we construct frame invariant
formulae
Pˆ ac Pˆ
b
dT
diss
ab −
1
p−N
PˆcdPˆ
abT dissab = −2ηˆσˆcd , (3.15)
Pˆ ba
(
T dissbyj +
qˆj
ǫˆ+ Pˆ
uˆcT disscb
)
= −
N∑
j′=1
κˆjj′Pˆ
b
a∂b
(
µˆj′
Tˆ
)
, (3.16)
Pˆ abT dissab
p−N
−
∂Pˆ
∂ǫˆ
uˆauˆbT dissab +
N∑
j=1
∂Pˆ
∂qˆj
uˆaT dissayj = −ζˆ θˆ . (3.17)
Using these we can extract the viscosities ηˆ, ζˆ and the matrix of conductivities
κˆjj′. The derivative ∂Pˆ /∂ǫˆ is evaluated at constant charges, while ∂Pˆ /∂qˆj
are evaluated keeping fixed the energy density and the other charges qk 6=j .
We obtain
ηˆ = ηV
N∏
i=1
coshαi , (3.18)
κˆjj = ηV Tˆ
(
1−
sinh2 αj∏N
l=j cosh
2 αl
) N∏
i=1
coshαi , (3.19)
κˆjk = κˆkj = −ηV Tˆ
sinhαj sinhαk∏N
i=j coshαi
k−1∏
l=1
coshαl , with k 6= j , (3.20)
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ζˆ = 2ηV
N∏
i=1
coshαi
[ 1
p−N
(3.21)
+
(−1 +
∏N
i=1 cosh
2 αi)
∑N
l=1 sinh
2 αl
∏N
m=l+1 cosh
2 αm
[1 + (−1 + ǫ′)
∏N
i=1 cosh
2 αi]2
−
ǫ′2
∏N
h=1 cosh
4 αh
p[1 + (−1 + ǫ′)
∏N
i=1 cosh
2 αi]2
]
+ ζV
ǫ′2
∏N
h=1 cosh
5 αh
[1 + (−1 + ǫ′)
∏N
i=1 cosh
2 αi]2
.
These are the main results of this article.
The transport coefficients can be rewritten in terms of the independent
thermodynamic variables of the reduced theory, the temperature and the
chemical potentials, using Eq.(2.18) and Eq.(2.21) functions of the rapidities.
Observe that the viscosity to entropy density ratio remains constant under
the reduction,
ηˆ
sˆ
=
η
s
. (3.22)
Furthermore, since the entropy current for our charged fluid in a canonical
form is
Jˆas = sˆuˆ
a −
ub
Tˆ
T abdiss −
1
Tˆ
N∑
j=1
µjT
ayj
diss (3.23)
using the relations in Eq.(3.13) and substituting the values of the chemical
potentials Eq.(2.21), it is easy to see that
Jˆas = sˆuˆ
a . (3.24)
Comparing this result with the entropy density of our neutral initial fluid
JˆAs = su
A (3.25)
multiplied by the volume factor V , we recover the result obtain from the
Euler relation in Eq.(2.19).
Finally, the speed of sound is given by
cˆ2s =
∂Pˆ
∂ǫˆ
=
1
1 + (−1 + ǫ′)
∏N
i=1 cosh
2 αi
, (3.26)
where the derivative is considered at fixed sˆ/qˆj for every qˆj .
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4 Charged black brane/fluid duals
The previous analysis can be applied to the case of the fluid dual to a black p-
brane. Let us consider a black p-brane in D = p+n+3 dimensions with p+1
worldvolume coordinates of the p-brane and n + 2 coordinates in directions
transverse to that. Since we perform a Kaluza Klein reduction exclusively
on the wordvolume directions, we focus only on the p+ 1 coordinates. This
means that the p dimensions of the black p-brane can be seen as the p spatial
dimensions of the previous fluid.
In [4] was shown that the long-wavelength dynamics of a neutral black
brane in D = p+ n+ 3 dimensions can be described in terms of a fluid with
equation of state
ǫ = −(n + 1)P , (4.1)
and viscosities
η =
s
4π
, (4.2)
ζ = 2η
(
1
p
+
1
n + 1
)
. (4.3)
If we substitute these values in Eqs.(2.16), (2.17), (3.18), (3.19), (3.20)
and (3.21) we obtain the reduced thermodynamic quantities and the trans-
port coefficients of the charged fluid. These are
Pˆ = PV, ǫˆ = −Pˆ (1 + n
N∏
i=1
cosh2 αi) , (4.4)
qˆj = −Pˆ n sinhαj
N∏
i=1
coshαi
j−1∏
k=1
coshαk , (4.5)
ηˆ = ηV
N∏
i=1
coshαi (4.6)
=
Ωn+1V
16πG
(4πTˆ
n
)−n−1
(1−
N∑
i=1
µ2i )
n
2 ,
(4.7)
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κˆjj = ηV Tˆ
(
1−
sinh2 αj∏N
i=j cosh
2 αi
) N∏
i=1
coshαi (4.8)
=
Ωn+1V
16πG
(4π
n
)−n−1
Tˆ−n(1− µ2j)(1−
N∑
i=1
µ2i )
n
2 ,
κˆjk = −ηV Tˆ
sinhαj sinhαk∏N
i=j coshαi
k−1∏
l=1
coshαl (4.9)
= −
Ωn+1V
16πG
(4π
n
)−n−1
Tˆ−n(µkµj)(1−
N∑
i=1
µ2i )
n
2 ,
ζˆ = 2ηV
N∏
i=1
coshαi
[ 1
p−N
(4.10)
−
2
∏N
i=1 cosh
2 αi − (n+ 2)
∏N
i=1 cosh
4 αi − 1
[1− (n+ 2)
∏N
i=1 cosh
2 αi]2
]
= 2ηˆ
{ 1
p−N
−
[−1 − n− (
∑N
i=1 µ
2
i )
2]
[−1 − n−
∑N
m=1 µ
2
m]
2
}
, (4.11)
using the explicit values of the temperature and the shear viscosity
T =
n
4πr0
, η =
Ωn+1
16πG
rn+10 (4.12)
where r0 is the horizon radius of the black p-brane and Ωn+1 is the volume
of the unit (n+1)-sphere.
We can compare our results with those found in Eq.(3.4.17) and Eqs.
(3.4.38)-(3.4.40) in [5] for N = 1 in AdS. This can be done using the
AdS/Ricci flat map in [10] which relates the dynamics of Ricci-flat black
p-branes in n + p + 3 dimensions to that of black d-branes in AdS2σ+1, by
identifying
− n→ 2σ , p→ d . (4.13)
If we apply this map to the equation of state and the transport coefficients
that we obtain for N = 1, we find the same results as in [5] with
αi → ωi and
Ωn+1V
16πG
→ −L. (4.14)
where L is defined after Eq.(3.1.3) in [5].
For N = 2 the map to black d-branes in AdS2σ+1 is
− n→ 2σ , p→ d+ 1. (4.15)
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In this case we recover the results of [7] in Eq.(3.1.18) and Eqs. (3.2.42)-
(3.2.51) for the Kaluza-Klein Einstein-Maxwell-Dilaton theory containing
two Maxwell fields, three neutral scalars and an axion in AdS, again us-
ing Eqs.(4.12). Note that the speed of sound and the other thermodynamic
quantities as entropy, temperature and chemical potential agree too.
Finally, let us study whether the bound
ζˆ
ηˆ
≥ 2
(
1
p−N
− cˆ2s
)
(4.16)
proposed in [20] is satisfied. The bulk viscosity for a charged black (p−N)-
brane takes the form
ζˆ = 2ηV
N∏
i=1
coshαi
[ 1
p−N
−
2
∏N
i=1 cosh
2 αi − (n+ 2)
∏N
m=1 cosh
4 αm − 1
[1− (n + 2)
∏N
i=1 cosh
2 αi]2
]
. (4.17)
In terms of the speed of sound
cˆ2s =
1
1− (2 + n)
∏N
i=1 cosh
2 αi
, (4.18)
the bulk to shear viscosity ratio can be written as
ζˆ
ηˆ
= 2
(
1
p−N
− cˆ2s
)
− 2cˆ4s
[
(n+ 4)
N∏
i=1
cosh2 αi − (n+ 2)
N∏
m=1
cosh4 αm − 2
]
. (4.19)
The relation (4.16) requires that
n ≥ −2 +
2∏N
i=1 cosh
2 αi
, (4.20)
which is satisfied for all n ≥ 0. Thus the bound is always satisfied. In
contrast, the bound is always violated in [5, 7] for the black d-branes with
σ > 1, where 2σ + 1 are the initial spacetime dimensions.
An alternative bound was proposed in [5],
ζˆ
ηˆ
≥ 2
(
1
p−N
− cˆ2q
)
(4.21)
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in terms of the ‘speed of sound at constant charge density’
cˆq =
∂Pˆ
∂ǫˆ
∣∣∣
qj
=
2
∏N
l=1 cosh
2 αl − 1
1− (2 + n)
∏N
i=1 cosh
2 αi
. (4.22)
It is straightforward to show that in our case this bound is always violated.
We obtain
ζˆ
ηˆ
= 2
(
1
p−N
− cˆ2q
)
− 2cˆ4s
[
(2 + n)
N∏
i=1
cosh2 αi(−1 +
N∏
m=1
cosh2 αm)
]
. (4.23)
In order to satisfy the bound in (4.21) we would need n ≤ −2. The inversion
of the results regarding both bounds (4.16) and (4.21) as compared to [5] and
[7] is expected from the mappings (4.13) and (4.15). On the other hand, for
electrically charged, non-dilatonic asymptotically flat black brane solutions,
ref. [13] finds that the bound (4.16) is satisfied only for small enough charge
density, while the bound (4.21) is always violated.2
Note Eq.(3.22) implies that the KSS bound [19] is saturated.
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A Equation of motion
In order to extract the transport coefficient we need to compute the equations
of motion derived from energy momentum conservation relations. These read
2Jakob Gath informs us (private communication) that for sufficiently large values of
the dilaton coupling these bounds are satisfied/violated in the same manner as we have
found: (4.16) is always satisfied, and (4.21) is always violated, for all values of the charge
density.
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as
∂aT pfab = 0 = ∂
a[(ǫV + Pˆ )uˆauˆb
N∏
i=1
cosh2 αi + Pˆ ηab] (A.1)
= [(1 + ǫ′)uˆauˆb
N∏
i=1
cosh2 αi]∂
aPˆ + ∂bPˆ
+ (ǫV + Pˆ )
N∏
i=1
cosh2 αi
[
2uˆauˆb
N∑
k=1
tanhαk∂
aαk + θˆuˆb + uˆa∂
auˆb
]
,
∂aT pfayj = ∂
a(ǫV + Pˆ ) sinhαj uˆa
N∏
i=1
coshαi
j−1∏
k=1
coshαk (A.2)
= {(1 + ǫ′)uˆa∂
aPˆ + (ǫV + Pˆ )
[ N∑
i=1
tanhαiuˆa∂
aαi
+
j−1∑
l=1
tanhαluˆa∂
aαl + cothαj uˆa∂
aαj + θˆ
]
} sinhαj
N∏
i=1
coshαi
j−1∏
k=1
coshαk = 0
where
ǫ′ =
∂ǫ
∂P
and
∂ǫ
∂Pˆ
= ǫ′
1
V
.
If we contract the Eq.(A.1) with uˆb we find
uˆa∂
a log Pˆ =
(ǫV + Pˆ )
Pˆ
N∏
i=1
cosh2 αi
−2
∑N
k=1 tanhαkuˆa∂
aαk − θˆ
(1 + ǫ′)
∏N
i=1 cosh
2 αi − 1
. (A.3)
In addition, Eq.(A.2) can be rewritten as
uˆa∂
a log Pˆ = −
(ǫV + Pˆ )
Pˆ (1 + ǫ′)
[ N∑
i=1
tanhαiuˆa∂
aαi
+
j−1∑
l=1
tanhαluˆa∂
aαl + cothαjuˆa∂
aαj + θˆ
]
. (A.4)
If we take the latter relation for two different indices, j and k with j 6= k
(corresponding to the conservation of two different components of the stress
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energy tensor) and we subtract them, we obtain
j−1∑
i=k
tanhαiuˆa∂
aαi = cothαkuˆa∂
aαk − cothαjuˆa∂
aαj , j > k (A.5)
or equivalently
uˆa∂
aαi+1 = uˆa∂
aαi
tanhαi+1
sinhαi coshαi
. (A.6)
Now, let us compare Eq.(A.3) and Eq.(A.4). This gives
N∏
i=1
cosh2 αi
−2
∑N
k=1 tanhαkuˆa∂
aαk − θˆ
(1 + ǫ′)
∏N
i=1 cosh
2 αi − 1
= (A.7)
−
1
(1 + ǫ′)
[
N∑
i=1
tanhαiuˆa∂
aαi +
j−1∑
l=1
tanhαluˆa∂
aαl + cothαj uˆa∂
aαj + θˆ]
(A.8)
Since we want the relation between the reduced expansion and a derivatives
of specific rapidity αj , we replace in Eq. (A.7) the other derivatives of the
remaining rapidities in term of the one chosen using Eq.(A.5). This gives
uˆa∂
aαj = θˆ
∏j−1
i=1 sech
2αi tanhαj
−1 + ǫ′ +
∏N
l=1 sech
2αl
(A.9)
that can be rewritten as
uˆa∂
aαj = θˆ
coshαj sinhαj
∏N
l=j+1 cosh
2 αl
1 + (−1 + ǫ′)
∏N
i=1 cosh
2 αi
. (A.10)
The Eq.(A.3) in terms of uˆa∂
aαj only is given by
uˆa∂
a log Pˆ = −
ǫV + Pˆ
Pˆ
cothαj
j−1∏
i=1
cosh2 αiuˆa∂
aαj (A.11)
using the result in Eq.(A.10).
The reduced acceleration is obtain from Eq.(A.1)
uˆa∂
auˆb = −
∂b log Pˆ
(1 + ǫV
Pˆ
)
∏N
i=1 cosh
2 αi
−
Pˆ (1 + ǫ′)
Pˆ + ǫV
uˆbuˆa∂
a log Pˆ (A.12)
− 2uˆauˆb
N∑
k=1
tanhαk∂
aαk − uˆbθˆ .
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Using Eqs.(A.5), (A.10), and (A.11), this becomes
uˆa∂
auˆb = −
∂b log Pˆ
(1 + ǫV
Pˆ
)
∏N
i=1 cosh
2 αi
+
uˆauˆb∂
aαj
coshαj sinhαj
∏N
i=j+1 cosh
2 αi
. (A.13)
B Transport coefficients
B.1 Shear viscosity
The first term in Eq.(3.15) is given by
Pˆ ac Pˆ
b
dT
diss
ab = −V Pˆ
a
c Pˆ
b
d(2ησab + ζPabθ)
= −V Pˆ ac Pˆ
b
d
[
2η
( N∑
i=1
P l(aP
yi
b) ∂luyi + P
l
aP
m
b ∂(lum) −
Pabθ
p
)
+ ζPabθ
]
. (B.1)
Taking into account that
Pˆ ac Pˆ
b
dP
l
aP
m
b = Pˆ
l
c Pˆ
m
d , Pˆ
l
cPˆ
m
d ∂(luˆm) = 0 , Pˆ
a
c P
yj
a = 0 (B.2)
the Eq.(B.1) becomes
Pˆ ac Pˆ
b
dT
diss
ab = −V
[
2η
( N∏
i=1
coshαiPˆ
l
cPˆ
m
d ∂(luˆm) −
Pˆcdθ
p
)
+ ζPˆcdθ
]
. (B.3)
For what concerns the second term in Eq.(3.15) we get
1
p−N
PˆcdPˆ
abT dissab (B.4)
= −V
[
2η
( 1
p−N
N∏
i=1
coshαiPˆcdPˆ
ab∂(auˆb) −
Pˆcd
p
θ
)
+ ζPˆcdθ
]
considering that
Pˆ abPab = p−N , Pˆ
cd∂(cαiuˆd) = 0 , Pˆ
abP c(aP
yi
b) = 0 . (B.5)
If now we subtract (B.4) with (B.3) we are able to extract the shear viscosity.
In fact
− 2V η
N∏
i=1
coshαi
[
Pˆ lcPˆ
m
d ∂(luˆm) −
1
p−N
PˆcdPˆ
ab∂(auˆb)
]
(B.6)
= −2V η
N∏
i=1
coshαi
[
Pˆ lc Pˆ
m
d ∂(luˆm) −
1
p−N
Pˆcdθˆ
]
= −2ηˆσˆcd ,
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where Pˆ ab∂(auˆb) = θˆ and σˆcd is defined as
σˆcd = Pˆ
a
c Pˆ
b
d∂(auˆb) −
1
p−N
θˆPˆcd . (B.7)
We recover the result anticipated in Eq.(3.18), that is
ηˆ = ηV
N∏
i=1
coshαi . (B.8)
B.2 Heat conductivity matrix
Let us turn to the heat conductivity matrix elements. The Eq.(3.16) can be
simplified substituting the Eqs.(3.13) that leads to
Pˆ ba
(
T dissbyj −
sinhαj∏N
i=j coshαi
N∑
j′=1
sinhαj′∏N
i′=j′ coshαi′
T dissbyj′
)
(B.9)
where we have also replaced the values of the reduced density charge, pressure
and energy density from Eqs.(2.15), (2.16) and (2.17). It is convenient to split
the above expression into two parts: one with index j′ = j and the other
with different indeces k 6= j as
Pˆ baT
diss
byj
(
1−
sinh2 αj∏N
i=j coshα
2
i
)
− Pˆ ba
sinhαj∏N
i=j coshαi
N∑
k=1
sinhαk∏N
i′=k coshαi′
T dissbyk .
So, we extract the heat conductivity coefficients from the relations
Pˆ baT
diss
byj
(
1−
sinh2 αj∏N
i=j coshα
2
i
)
= −κˆjjPˆ
b
a∂b
(
µˆj
Tˆ
)
, (B.10)
−Pˆ ba
sinhαj∏N
i=j coshαi
N∑
k=1
sinhαk∏N
i′=k coshαi′
T dissbyk = −
N∑
k=1
κˆjkPˆ
b
a∂b
(
µˆk
Tˆ
)
. (B.11)
The Pˆ baT
diss
byj
term is given by
Pˆ baT
diss
byj
= −2ηV Pˆ ca
(
P dyj∂(cud) +
1
2
N∑
j′=1
P
yj′
yj ∂cuyj′
)
(B.12)
= −ηV Pˆ ca
[
sinhαj
j−1∏
l=1
coshαl
N∏
l′=1
coshαl′
(−∂c
N∏
i′=1
coshαi′ +
N∏
i=1
coshαiuˆb∂
buˆc) +
N∑
j′=1
P
yj′
yj ∂cuyj′
]
.
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Using the expression (A.13) for the acceleration, and the fact that Pˆ abub = 0,
this becomes
− ηV Pˆ ca
[
sinhαj
j−1∏
l=1
coshαl
N∏
l′=1
coshαl′
(
− ∂c
N∏
i′=1
coshαi′ −
∂c log Pˆ
(1 + ǫV
Pˆ
)
∏N
i=1 coshαi
)
+
N∑
j′=1
P
yj′
yj ∂cuyj′
]
Making explicit the value of P yiyj and simplifying we obtain
− ηV Pˆ ca sinhαj
j−1∏
l=1
coshαl
( j−1∑
l′=1
tanhαl′∂cαl′ + cothαj∂cαj
−
∂c log Pˆ
1 + ǫV
Pˆ
)
, (B.13)
For what concerns the right part of the formula (B.10), if we substitute
the values (2.18) and (2.21) we find
Pˆ ba∂b
(
µˆj
Tˆ
)
= Pˆ ba∂b
(sinhαj∏j−1i=1 coshαi
T
)
(B.14)
=
Pˆ ba
Tˆ
sinhαj∏N
i=j coshαi
[
cothαj∂bαj +
j−1∑
l=1
tanhαl∂bαl −
∂b log Pˆ
1 + ǫV
Pˆ
]
. (B.15)
Now we are able to extract the elements of the heat conductivity metric
from Eq.(B.10) only replacing the result obtained in Eq.(B.13) and (B.15).
This leads to
− ηV Pˆ ca sinhαj
j−1∏
l=1
coshαl
[ j−1∑
l′=1
tanhαl′∂cαl′ + cothαj∂cαj (B.16)
−
∂c log Pˆ
(1 + ǫV
Pˆ
)
](
1−
sinh2 αj∏N
i=j coshα
2
i
)
= −κˆjj
Pˆ ca
Tˆ
sinhαj∏N
i=j coshαi
[
cothαj∂cαj +
j−1∑
l=1
tanhαl∂cαl (B.17)
−
∂c log Pˆ
1 + ǫV
Pˆ
] .
So, the diagonal elements are
κˆjj = ηV Tˆ
N∏
i=1
coshαi
(
1−
sinh2 αj∏N
i=j coshα
2
i
)
, (B.18)
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as already shown in Eq.(3.19).
The same procedure is performed for the Eq.(B.11). We find that
− Pˆ baT
diss
byk
sinhαj∏N
i=j coshαi
N∑
k=1
sinhαk∏N
i′=k coshαi′
(B.19)
= ηV Pˆ ca
sinhαj∏N
i=j coshαi
N∑
k=1
sinhαk∏N
i′=k coshαi′
[
sinhαk
k−1∏
l=1
coshαl
( k−1∑
l′=1
tanhαl′∂cαl′ + cothαk∂cαk −
∂c log Pˆ
1 + ǫV
Pˆ
)]
= −
N∑
k=1
κˆjk
Pˆ ca
Tˆ
sinhαk∏N
i=k coshαi
[
cothαk∂cαk +
k−1∑
l=1
tanhαl∂cαl −
∂c log Pˆ
1 + ǫV
Pˆ
]
.
Comparing the last two equations, term by term, in the sum it is easy to find
that
κˆjk = −ηV Tˆ
sinhαj sinhαk∏N
i=j coshαi
k−1∏
l=1
coshαl . (B.20)
B.3 Bulk viscosity
Let complete the hydrodynamic analysis computing the bulk viscosity.
First of all, we need to compute the derivatives of the pressure with
respect to energy density and the charges. Due to the fact that ∂Pˆ /∂ǫˆ is
calculated with constant charges qˆj and ∂Pˆ /∂qˆj keeping fixed the energy
density and the remaining qk 6=j charges, we need to use
dǫˆ = 0 ⇒ d log Pˆ = −2
(Pˆ + ǫV )
Pˆ
∏N
m=1 cosh
2 αm
∑N
l=1 tanhαl
[−1 + (ǫ′ + 1)
∏N
k=1 cosh
2 αk]
dαl
(B.21)
dqˆj = 0 ⇒ d log Pˆ = −
(Pˆ + ǫV )
Pˆ (1 + ǫ′)
[ N∑
l=1
tanhαldαl + cothαjdαj
+
j−1∑
k=1
tanhαkdαk
]
. (B.22)
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The considered derivatives are given by
∂Pˆ
∂ǫˆ
= (B.23)
1
[−1 + (1 + ǫ′)
∏N
l=1 cosh
2 αl] + 2
Pˆ+ǫV
Pˆ
∏N
i=1 coshα
2
i
∑N
l=1 tanhαl
∂αl
∂ log Pˆ
,
∂Pˆ
∂qˆj
=
1
(1 + ǫ′)A+ Pˆ+ǫV
Pˆ
AB
, (B.24)
with
A = sinhαj
N∏
i=1
coshαi
j−1∏
k=1
coshαk (B.25)
B =
N∑
l=1
tanhαl
∂αl
∂ log Pˆ
+
j−1∑
k=1
tanhαk
∂αk
∂ log Pˆ
+ cothαj
∂αj
∂ log Pˆ
(B.26)
Combining conveniently Eqs.(B.21) and (B.22) in Eqs.(B.23) and (B.24)
we obtain that
∂Pˆ
∂ǫˆ
=
2
∏N
i=1 cosh
2 αi − 1
1 + (−1 + ǫ′)
∏N
l=1 cosh
2 αl
, (B.27)
∂Pˆ
∂qˆj
=
−2 sinhαj
∏N
i=1 coshαi
∏j−1
m=1 coshαm
1 + (−1 + ǫ′)
∏N
l=1 cosh
2 αl
. (B.28)
Let now evaluate the first term in Eq.(3.17). We find that
Pˆ abT dissab
p−N
(B.29)
= −θˆV
N∏
l=1
coshαl
[
2η
p−N
+
(
−2η
p
+ ζ
)
ǫ′
∏N
m=1 cosh
2 αm
1 + (−1 + ǫ′)
∏N
i=1 cosh
2 αi
]
.
The remaining terms can be simplified considering the Eq.(3.13) and
Eq.(3.14). These become
−
N∑
j′=1
sinhαj′∏N
m=j′ coshαm
(
∂Pˆ
∂ǫˆ
N∑
j=1
sinhαj∏N
i=j coshαi
+
N∑
j=1
∂Pˆ
∂qˆj
)
T dissyjyj′ (B.30)
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Using the Eqs.(A.10), (A.5), (B.27), (B.28) and replacing the components of
the stress energy tensor T dissyjyj′ we find
−ζˆ θˆ = −2ηθˆV
N∏
i=1
coshαi
[ 1
p−N
(B.31)
+
(−1 +
∏N
i=1 cosh
2 αi)
∑N
l=1 sinhα
2
l
∏N
m=l+1 cosh
2 αm
[1 + (−1 + ǫ′)
∏N
i=1 cosh
2 αi]2
−
ǫ′2
∏N
h=1 cosh
4 αh
p[1 + (−1 + ǫ′)
∏N
i=1 cosh
2 αi]2
]
− ζθˆV
ǫ′2
∏N
h=1 cosh
5 αh
[1 + (−1 + ǫ′)
∏N
i=1 cosh
2 αi]2
.
in terms of θˆ only. Remember that for the initial expansion we use the values
found in the Eq.(3.4) . It is straightforward to read now the bulk viscosity
as already presented in Eq.(3.21).
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